Abstract. We prove that for an induced CR structure on a compact, generic, regular 3-pseudoconcave CR submanifold M ⊂ G, of a complex manifold G, satisfying condition dim H 1 M, T ′ (G)| M = 0 all the close CR structures are induced by close embeddings.
Introduction.
Let M be a generic CR submanifold in a complex manifold G, i.e. such a submanifold, that for any z ∈ M there exist a neighborhood U ∋ z in G and smooth real valued functions {ρ k } m 1 (1 < m < n − 1) on U such that M ∩ U = {z ∈ G ∩ U : ρ 1 (z) = · · · = ρ m (z) = 0},
The induced CR structure M is defined by the subbundles
where CT (M) is the complexified tangent bundle of M and the subbundles T ′′ (G) and T ′ (G) = T ′′ (G) of the complexified tangent bundle CT (G) define a complex structure on G.
If we fix a Hermitian scalar product on G then there exists a subbundle N ∈ CT (M) of complex dimension m such that
The Levi form of M is defined (cf. [He2] ) as a Hermitian form on
where L, L = LL − LL and π is the projection of CT (M) along T ′ (M) ⊕ T ′′ (M) onto N. The Levi form of M at the point z ∈ M in the direction of the unit vector θ = (θ 1 , . . . θ m ) ∈ ReN z is a scalar Hermitian form on
where ·, · z is a Hermitian scalar product.
Following [He2] we call M q-pseudoconcave (weakly q-pseudoconcave) at z ∈ M in the direction θ if the Levi form of M at z in this direction has at least q negative (q nonpositive) eigenvalues and we call M q-pseudoconcave (weakly q-pseudoconcave) at z ∈ M if it is qpseudoconcave (weakly q-pseudoconcave) in all directions.
We call a q-pseudoconcave CR manifold M a regular q-pseudoconcave CR manifold [P2] if for any z ∈ M there exist an open neighborhood U ∋ z in M and a family E q (θ, z) of q-dimensional complex linear subspaces in T c z (M) smoothly depending on (θ, z) ∈ S m−1 × U and such that the Levi form θ, L z (M) is strictly negative on E q (θ, z).
In this paper we consider small deformations of the induced CR structure on a compact, generic, regular 3-pseudoconcave submanifold M ∈ G of codimension m. We fix an embedding E 0 : M → M 0 ⊂ G of a compact C p manifold M into a complex manifold G such that M 0 = E 0 (M) is a generic, regular 3-pseudoconcave CR submanifold of G. Let U i N 1 be a finite cover of some neighborhood of M 0 in G such that in each U i the manifold M 0 ∩ U i has the form (1) with defining functions ρ (0) i,l 1≤l≤m
. If E is an embedding of M into G close to E 0 with M = E (M) then the map F = E • E −1 0 : M 0 → M may be defined in some small enough neighborhood U i = M 0 ∩ U i as F(z) = z + f i (z), with f i ∈ C p (U i ) n . If |f | p = max i {|f i | p } is small enough then G = F −1 : M → M 0 is also well defined and has the form G(z) = z + g i (z) in some neighborhood V i ⊂ F U i with g i ∈ C p V i n . We denote
For a compact C p submanifold M ⊂ G and a holomorphic vector bundle B on G we say that dim H r M, B M = 0 for r ∈ Z + if for any∂ M -closed form f ∈ C k (0,r) M, B M , (1 ≤ k ≤ p), there exists a form h ∈ C k (0,r−1) M, B M such that∂ M h = f . In the theorem below we formulate the main result of the paper -versality of the family of CR structures induced by close embeddings for a fixed compact, generic, regular 3-pseudoconcave submanifold M ∈ G, satisfying condition dim H 1 (M, T ′ (G)| M ) = 0. Theorem 1. Let k ∈ Z be such that k ≥ 17 and let E : M → G be a C 2k+5 -embedding of a compact manifold M into a complex manifold G such that M = E(M) is a generic, regular 3-pseudoconcave CR manifold with dim H 1 (M, T ′ (G)| M ) = 0. Then any small C 2k+5 -deformation of the induced CR structure M on M may be obtained as an induced CR structure from a C k -embedding F : M → G, close to E.
The problem of embeddability for deformed CR structures on an embedded, compact, strictly pseudoconvex hypersurface was first considered by L. Boutet de Monvel in [B] , where the preservation of local embeddability for such CR structures was proved. We refer to the article by C. Epstein and G. Henkin [EH] for the latest results and further references on preservation of embeddability for deformed CR structures on pseudoconvex hypersurfaces.
Version of Theorem 1 for CR submanifolds of codimension 1 (real hypersurfaces) is a corollary of a theorem proved by R.S. Hamilton [Ha2] provided that an additional assumption is satisfied: a deformation of the original CR structure is defined as a restriction of a deformation of a complex structure on some complex manifold X of which M is the boundary. This property was proved by G.K. Kiremidjian [Ki] for a manifold X, satisfying cohomological condition H 2 c (X, T ′ (X)) = 0 and for deformations of a CR structure on a 2-pseudoconcave hypersurface M, that preserve the underlying contact structure. Here, however, we do not use the extension property and work on M using constructions from [Ku] , [Ki] and [Ha2] .
In [Ha2] Hamilton applied estimates of Kohn and Nirenberg from [KN] and a special version of the Nash-Moser implicit function theorem for elliptic nonlinear complexes. Our approach to the proof of Theorem 1 basically follows S. Webster's scheme from [W2] . It consists of application of C k -estimates for solutions of∂ M -equation from [P4] and Zehnder's version (in Hamilton's terminology [Ha1] ) of the Nash-Moser implicit function theorem. Necessary modifications are twofold. Firstly we use the language of differential forms (introduced by M. Kuranishi in [Ku] ) instead of the language of vector fields as in [W2] . Secondly, the Webster's scheme is significantly simplified in our case because of the absence of "boundary terms" in the global homotopy formula.
The Nash-Moser iteration process is based on solvability with estimates of the linearized problem. In this paper we prove a global homotopy formula with tame C k -estimates (cf. [Ha1] ) for operator∂ M on a family of compact submanifolds M, sufficiently close to a fixed submanifold M 0 . In the theorem below we formulate this solvability result.
with |E| k < δ there exist linear bounded operators
and estimates
hold, where |ρ| s = max 1≤i≤N,1≤l≤m {|ρ i,l | s }, ρ i,l are defining functions of M, and P (k) is a polynomial in k.
Analogous estimates were proved by S.Webster in [W1] for an integral formula on a special small neighborhood of a point on a strictly pseudoconvex hypersurface. Similar estimates were used by D.Catlin in [Ca] in his proof of extendability and local embeddability of CR structures. Our proof of existence of a tame homotopy formula basically consists of two parts: "local" and "global". We use local estimates from [P4] and complement them with consideration of "adjusted pairs" of neighborhoods, with motivation coming from the proof of local solvability of∂ M -equation in [AiH] . The global part relies on a "soft analysis" of the deformation of∂ Mcomplex and is based on the uniqueness theorem of S.Baouendi and F.Treves [BT] (cf. also [AiH] ) for extensions of CR-functions from generic CR submanifolds.
Author thanks G. Henkin for helpful discussions.
Local solvability of∂ M -equation with estimates.
We start with the discussion of local solvability of the∂ M -equation on pseudoconcave CR manifolds. Before constructing local solution formulas we introduce necessary notations and definitions.
For a vector-valued C 1 -function η = (η 1 , . . . , η n ) we will use the notation:
If η = η(ζ, z, t) is a C 1 -function of ζ ∈ C n , z ∈ C n and of a real parameter t ∈ R l , satisfying the condition
or, separating differentials,
Also, if η(ζ, z, t) satisfies (4) then the differential form ω ′ (η) ∧ ω(ζ) ∧ ω(z) can be represented as:
where ω ′ r (η) is a differential form of the order r in dz and respectively of the order n − r − 1 in dζ and dt. From (5) and (6) follow equalities:
and
where the determinant is calculated by the usual rules but with external products of elements and the position of the element in the external product is defined by the number of its column. Let U be an open neighborhood in G and U = U ∩ M. We call a vector function
by strong M-barrier for U if there exists C > 0 such that the inequality:
holds for (ζ, z) ∈ (U \ U ) × U , where
If U is small enough, then as in (1) we may assume that U = U ∩ M is a set of common zeros of smooth functions {ρ k , k = 1, . . . , m}. Then, using the q-concavity of M and applying Kohn's lemma to the set of functions {ρ k } we can construct a new set of functionsρ 1 , . . . ,ρ m of the form:ρ
with large enough constant A > 0 and such that for any z ∈ M there exist an open neighborhood U ∋ z and a family E q+m (θ, z) of q + m dimensional complex linear subspaces in C n smoothly depending on (θ, z) ∈ S m−1 × U and such that −L zρθ is strictly negative on E q+m (θ, z) with all negative eigenvalues not exceeding some c < 0.
To simplify notations we will assume that the functions ρ 1 , . . . , ρ m already satisfy this condition.
Let E ⊥ n−q−m (θ, z) be the family of n − q − m dimensional subspaces in T (G) orthogonal to E q+m (θ, z) and let a j (θ, z) = (a j1 (θ, z), . . . , a jn (θ, z)) for j = 1, . . . , n − q − m be a set of C 2 -smooth vector functions representing an orthonormal basis in E ⊥ n−q−m (θ, z).
we construct the form
is strictly positive definite in w for (θ, z) ∈ S m−1 × U. Then we define for ζ, z ∈ (U \ U ) × U :
with
To prove that P i (ζ, z) is a strong M-barrier for some U ∋ z we consider the Taylor expansion of ρ k for k = 1, . . . , m :
Then we obtain for some U and (ζ,
which implies the existence of an open neighborhood U ∋ z in C n , satisfying (9). In what follows we will use notations
In the lemma below we prove the existence of specially embedded convex neighborhoods in G.
Lemma 2.1. Let M be a generic, regular q-pseudoconcave CR-submanifold of the class C p in U with U being a ball in a Riemannian metric on G centered at z 0 ∈ M. Then there exist a smaller ball V ⊂ U centered at z 0 and c > 0 such that the barrier function Φ(ζ, z), defined in (10), satisfies inf
Proof. Using (10) we obtain
Using then strict positivity of the form L z ρ θ (w) + A(θ, z, w) we obtain that for |ζ − z| small enough there exists a constant C > 0 such that for ζ ∈ M ∩ bU
Therefore, for z, satisfying ρ(z) < 1 2 C inf ζ∈M∩bU |ζ − z| 2 we have
Selecting a sufficiently small ball, centered at z 0 we obtain the statement of the lemma.
For an open neighborhood U ⊂ G we define the tubular neighborhood U(ǫ) of M in U as
We also introduce a local extension operator of functions and forms from
Assuming that locally manifold M in U with coordinates z j = x j + iy j , j = 1, . . . , n is defined as
we define for a function g(y 1 , . . .
extending a function identically with respect to x 1 , . . . , x m . For a differential form
with multiindices I ⊂ (1, . . . , m), J, K ⊂ (m + 1, . . . , n) we define extension operator by extending coefficients as in the formula above. We start the construction of a local solution operator for∂ M with the construction of a Cauchy-Fantappie formula for special concave/convex neighborhoods. Let {U j } l 1 , j ∈ J = (1, . . . , l) be a collection of balls in some open neighborhood W ⊂ G, defined as
where τ j are convex C ∞ -functions. We denote also
We assume the following nondegeneracy condition for functions
Then the boundary of U(ǫ) is stratified into C p -smooth pieces
We introduce barriers for functions τ j :
such that ReΦ (j) (ζ, z) > 0 for z ∈ U j and ζ ∈ bU j = {ζ : τ j (ζ) = 0}. In the proposition below we describe a general Cauchy-Fantappie formula for domains with piecewise concave/convex boundaries. We do not provide the proof of this proposition since it is completely analogous to the proof of the Cauchy-Fantappie formula in a piecewise strictly pseudoconvex case (cf. [P1] and [RS] ) with the only difference that some of the barrier functions are concave and some are convex.
Proposition 2.2. Let M ⊂ G be a generic, regular q-pseudoconcave CR manifold of the class C p with p ≥ 3 and U J -a neighborhood as in (14) with analytic coordinates z 1 , . . . , z n . Then for ǫ > 0 small enough and an arbitrary differential form g ∈ C 1 (0,r) (U J (ǫ)) the following equality holds for r = 1, ..., n − m and
where
For r = 0 the corresponding formula becomes
with J 1 (ǫ) and N 0 (ǫ) as above.
A local almost homotopy formula from the proposition below will be used in the construction of necessary solution operators. (14) with analytic coordinates z 1 , . . . , z n and V a relatively compact subset of
and pr M denotes the operator of projection to the space of tangential differential forms on M.
with R 1 M and H 0 M as above. Proof. We obtain formula (19) as a limit of the formula (15) and formula (20) as a limit of (18) when ǫ → 0. In order to make such a conclusion it suffices to prove that
for z ∈ V .
To prove the first equality of (21) for the first integral in the definition of T r (ǫ) we use the lemma below, which is a part of Proposition 4 from [P3] .
To prove that the sum of integrals over U I (ǫ) × ∆ s I in the definition of T r (ǫ) also tends to zero as ǫ → 0 we notice that the kernels of those integrals are uniformly bounded for z ∈ V and ζ ∈ U I (ǫ), dim U I (ǫ) = 2n − s, and
The same argument, applied to the sum of integrals in the definition of S r (ǫ), proves the second equality in (21).
In the next proposition we prove a local solvability result for∂ M -closed forms.
and equality
We list below several lemmas, that will be used in the proof of Proposition 2.5. The following lemma is basically a copy of Lemma 3.8 from [P4] .
Lemma 2.6. Let r < q. Then
The lemma below is based on Lemma 4.1.1 and Theorem 4.2 from [AiH] .
Lemma 2.7. Let {U j } l 1 and {V j ⊂ U j } l 1 be the same as in Proposition 2.5. Then for anȳ
Proof. We consider the differential form
for z ∈ U J and (ζ, t) ∈ C, where C is the chain
. . , i s ), we obtain the following formula for the boundary of each component
Using then the formula above we obtain
Applying∂ z to the integral in the Lemma for z ∈ V J , using equality (7) and the Stokes' formula we obtain
Kernels in the first and third sums of integrals in the right hand side of (25) are zeros, since the barriers Φ (l) are holomorphic in z. Therefore these sums are equal to zero.
For the fourth sum we use estimates
, and obtain that this sum tends to zero as ǫ → 0.
For the second sum in the right hand side of (25) in the case r < q−1 we can apply Lemma 2.6 and obtain that this sum is zero. The case r = q − 1 is more delicate, and we use lemma below, which is a specialization of Lemma 4.1.1 from [AiH] to domain U J .
Summarizing all the estimates for the terms of the right hand side of (25) we obtain the statement of Lemma 2.7.
Proof of Proposition 2.5. We construct operators P r M taking formula (19) as a starting point. From this formula and Lemma 2.6 it follows that for
defined on V J and satisfying equation∂g = 0. To obtain necessary estimates for operator R r M we use the following lemma, which is a combination of Propositions 3.1 and 3.8 from [P4] .
with P (k) a polynomial in k and a constant C(k) independent of g.
To estimate the norm of g we notice that the kernels of integrals in the definition of g are nonsingular and uniformly bounded with derivatives of order p − 2 for z ∈ V J and ζ ∈ U 0 J (ǫ) for all ǫ > 0. Straightforward differentiation of the formula (26) with respect to z shows that
Using then formula for solution of the equation
on the piecewise strictly pseudoconvex domain V J , analogous to formula (15) (cf. [P1] , [RS] ), we can represent solution u as
where u V is a Martinelli-Bochner type integral over V J and u bV is a sum of integrals over the boundary bV J with nonsingular kernels for z ∈ W and ζ ∈ bV J . In this formula for the piecewise strictly pseudoconvex domain V J part N r (ǫ) will be absent, since the kernels will be holomorphic with respect to z and part J r+1 (ǫ)(∂g) will be absent since∂g = 0. We estimate two parts of (29) separately. For u bV we have an estimate
For the Martinelli-Bochner integral using for example estimates from [Siu] we obtain
h) + u, and combining the last two estimates with estimates (27) we obtain estimates (23).
In the proposition below we prove local extension with estimates for CR functions on a q-pseudoconcave CR submanifold.
Proposition 2.10. Let M be a generic, regular q-pseudoconcave submanifold of the class C p in G, J = (1, . . . , l), {U j } l 1 -a collection of balls in G, centered respectively at the points z j ∈ M and let {V j ⊂ U j } l 1 be the balls, satisfying (12) 
Then there exists an extension operator
acting on CR functions on U J and satisfying
Proof. We apply formula (20) to a CR function h and obtain for z
Using Lemma 2.6 we conclude that the first term of the formula above is equal to zero, and therefore, since kernels in the second term are nonsingular for ζ ∈ U 0 J (ǫ) and z ∈ V J , function (28) shows that
we obtain the statement of the Proposition.
3. From local to global estimates.
In this section we globalize estimates from the section 2. The following proposition (Proposition 4.5 from [P4] ) provides a global formula on M 0 that may be considered as an analogue of the Hodge-Kohn decomposition on M 0 .
Proposition 3.1. Let M 0 ⊂ G be a compact, generic, regular q-pseudoconcave submanifold of the class C p and let L be a holomorphic vector bundle on G. Then for an arbitrary r < q and k ≤ p − 4 there exist a finite-dimensional operator
We will reformulate the statement of Proposition 3.1 in terms of theČech complex on M 0 . Let us consider theČech complex for a bundle L and a covering {U } of M 0 :
is the space of CR j-cochains in the covering
. . , i j ) and the map ̺ is defined as
We call two coverings {V i ⊂ U i } N 1 of some neighborhood of M 0 adjusted if condition (12) is satisfied for every pair V i ⊂ U i .
In the next lemma we specialize the statement of Proposition 3.1 for 3-concave CR manifolds in terms of theČech complex on M 0 .
be the linear subspace of 2-coboundaries. Then there exists an operator
Proof. Let {φ i } be a partition of unity, subordinate to the covering {V i } and therefore to {U i }. For a covering {U i } we consider the double complex on M 0
is the space of differential forms of type (0, k) on M with values in L| M , and
is the space of j-cochains in the covering {U i } N 1 . We consider also operators
and satisfying
Since α satisfies α = ̺(β) with some β ∈ C 1 ({U }, O M 0 ), the south-west diagram search produces the form h such that h =∂ M 0 g with
Therefore, applying Proposition 3.1, we obtain representation
We consider then the 0-cochain of∂ M 0 -closed (0, 1) forms
and using Proposition 2.5 construct a 0-cochain of sections
and such that∂
and estimate (34) and, therefore, defines the sought 1-cochain.
In the next proposition we prove the solvability of∂ M equation with tame estimates on manifolds M close to the fixed manifold M 0 . Proposition 3.3. Let M 0 ⊂ G be a compact, generic, regular 3-pseudoconcave C p submanifold and 
and such that
Proof. We describe the proof of the Proposition only for r = 2, since the proof for r = 1 is basically the same.
We consider adjusted coverings {U
, from the definition of adjusted coverings and from the constructions of Lemma 2.1 we conclude that there exists δ > 0 such that selected coverings will be adjusted for manifolds M with |E| k < δ. We consider double complexes analogous to (35) corresponding to those coverings with operators∂ M and ̺, and fix a partition of unity subordinate to {U (6) } and operators χ defined by this partition of unity.
To an arbitrary h ∈ B k (0,2) M, L M such that h =∂ M g we apply, using Propositions 2.5 and 2.10, the north-east diagram search N E, consisting of the sequence of maps ̺ and P r M for r = 2, 1, 0 and produce aČech cochain N E(h) = α ∈ C 2 {U (4) }, L such that its restriction to M is a cocycle. To construct such a cochain we apply Proposition 2.5 to h on U (1) i and consider forms h
ij such that∂ M h ij = h i − h j and satisfying estimates
Using uniqueness of holomorphic extension of CR functions (cf. [BT] , [AiH] ) we conclude that α is a cocycle on {U (4) }, and therefore, if M ⊂ G, the restriction of α to M 0 is a cocycle as well.
Furthermore, since h =∂ M g with g ∈ C k (0,1) M, L M , we apply the north-east diagram search to g and construct a holomorphic cochain β ∈ C 1 {U (4) }, L such that α is a coboundary of β. Namely, consecutively using Proposition 2.5 we consider forms h
i . Then by construction we will have∂ M (
, and thus the holomorphic cochain
i } will satisfy ̺(β M ) = α M . Again using uniqueness of holomorphic extension for CR functions we obtain ̺(β) = α on G.
Considering then 2-cochain α M 0 on {U
i ∩ M 0 } and applying Lemma 3.2, we obtain the 1-
Using uniqueness of holomorphic extension for CR functions we conclude that
To construct operator R 2 M we apply the south-west diagram search to cochain γ. Namely, we consider the 0-cochain of differential forms
Obviously condition∂ M g (0,1) i = h is satisfied. Also, by construction this cochain satisfies ̺{g i } = 0 and, therefore, defines a differential form on the whole M. Estimates (36) follow from the construction of R 2 M and estimates (38) and (39).
Proof of Theorem 2.
To prove Theorem 2 we consider an arbitrary differential form h ∈ C
and applying Proposition 3.3 to the differential form∂
From the assumption dim H 1 M 0 , L M 0 = 0 we obtain applicability of Proposition 3.3 to
.
with operators
Deformations of CR structures.
In this section we describe straightforward generalizations of some constructions from [Ku] and [Ki] to the case of higher codimension.
Let E : M → M be a compact C p -smooth CR submanifold of the form (1) in a complex n-dimensional manifold G. For k ≤ p a C k -subbundle E ′′ ∈ CT (M) is called an almost CR structure on M of finite distance to the fixed structure T ′′ (M) if it satisfies the following conditions:
As follows from the definition of an almost CR structure of finite distance to the fixed CR structure it may be defined in terms of a differential form of type (0, 1) on M with values in the bundle T ′ (M) ⊕ N. But for the purposes of comparison of the deformed CR structure on M with the complex structure of the ambient manifold G, M. Kuranishi in [Ku] defines it in terms of a differential form of type (0, 1) 
Following [Ku] we consider the restriction to
The following proposition gives a description of almost CR structures of finite distance to the fixed induced CR structure in terms of differential forms.
) does not have an eigenvalue 1, then equality (42) defines an almost CR structure of finite distance to T ′′ (M).
We will denote by T ′′ µ (M) an almost CR structure defined on M by the form µ and equality (42).
An almost CR structure E ′′ is a CR structure if it is integrable, i.e. if for any two sections
is also a section of E ′′ . In order to define integrability of T ′′ µ (M) in terms of µ we need some additional constructions. Let U ∈ G be a neighborhood of the point z ∈ M. A set ϑ 1 , . . . , ϑ n ∈ C k 1 (U) of differential forms of degree 1 with C k -coefficients is called a defining set for the almost CR structure E ′′ in U if for any ζ ∈ M ∩ U (i) ϑ i (X)(ζ) = 0 for i = 1, . . . , n and X ∈ E ′′ ζ , (ii) {ϑ i (ζ)} n 1 form a basis in the space of linear forms, satisfying (i). We have the following description of formal integrability of the almost CR structure E ′′ in terms of its defining set.
Proposition 4.2. An almost CR structure E ′′ of finite distance to T ′′ (M) , is integrable if and only if for any z ∈ M there exist a neighborhood U ∋ z in G and a defining set ϑ 1 , . . . , ϑ n ∈ C k 1 (U) for this almost CR structure in U such that
We consider special defining sets for an almost CR structure T ′′ µ (M). Proposition 4.3. Let {z 1 , . . . , z n } be a system of local analytic coordinates for G in a neighborhood U ∈ G such that U ∩ M = ∅ and let the form µ from Proposition 4.1 be represented in U as
where µ i = n j=1 µ i j dz j are scalar C k -differential forms of type (0, 1). Then the set of differential forms
is a defining set for T ′′ µ (M) in U. Before applying Proposition 4.2 to the defining set (44) we will define special local generators in T ′ (M) and T ′′ (M) and describe τ in terms of these generators.
Let us fix z ∈ M and neighborhoods: U ∋ z in G with local analytic coordinates {z 1 , . . . , z n } and U = U ∩ M. We consider differential forms on U
and vector fields on U :
such that they satisfy conditions
Complex tangent vector fields on U
span T ′ (M) and T ′′ (M) respectively, and satisfy the following conditions
To describe the isomorphism τ :
. . , m, and, therefore,
For a differentiable functionh on U we can express its differential in terms ofZ i , dz i and dρ l as
Restricting (48) onto M we obtain for a differentiable function h =h
where iZ i (∂/∂z i ) =∂ M is the Cauchy-Riemann operator on M. The following proposition formulates integrability of an almost CR structure T ′′ µ (M) in terms of µ.
Proposition 4.4. ( [Ku] , cf. also [Ki] ). An almost CR structure
Proof. We fix a neighborhood U in G with coordinates z i (i = 1, . . . , n) and denote U = U ∩ M. Then differential form µ on U may be represented asμ = i,j µ i j ∂ ∂z i ⊗ dz j . Without loss of generality we may assume that the coefficients of this form satisfy the condition j µ i jp j k = 0 for z ∈ U, any i, and k = 1, . . . , m.
Really, if the differential formμ i doesn't satisfy (51) we can modifyμ i by setting it equal tõ
Then the formμ i,′ will coincide withμ i on U and satisfy (51) because of (46). To prove Proposition 4.4 it suffices, according to propositions 4.2 and 4.3, to prove that condition (50) is necessary and sufficient for the defining set (44) to satisfy:
Using equalities
condition (51), and applying (49) to µ i j andp j l , we obtain:
Using then in (52) equalities
we obtain that locally condition (50) is necessary and sufficient for integrability of T ′′ µ (M). To prove that Φ(µ) is a differential form on M we notice first that dµ i is a differential form on M independent of the choice of ρ l and p l . Secondly, the forms dz k , ∂ρ l change by the same rules as respectively µ k , µ(ρ l ) under the change of local coordinates.
Remark. Following [Ku] (cf. also [Ki] ) we can define operator∂ µ M which represents the∂ M operator in an almost CR structure, defined on M by the form µ using formulas
As it is pointed out in [Ku] a straightforward calculation leads to equalitȳ
showing exactness of the∂ µ M -complex for µ satisfying integrability condition (50).
Properties of embeddings.
In this section we describe properties of an embedding F : M → G of a compact manifold M close to a fixed embedding E with M 0 = E(M) being a C p -smooth, generic, regular 3-pseudoconcave CR manifold. We describe this embedding in terms of a map F = F • E −1 : M → G close to identity and summarize the estimates needed in the proof of Theorem 1.
Without loss of generality we may assume that in every neighborhood U of a finite covering of G the map F is a restriction of a map F : U → V defined by the functions
where J = (j 1 , . . . , j 2n ) is a multiindex, |J| = j 1 + · · · + j 2n , and
enough according to the inverse function theorem there exists an inverse map G : U * → U defined on a possibly smaller neighborhood U * by the functions
such that g i ∈ C p (U * ) and
(55) The proposition below, which is a copy of Proposition 4.6 from [P4] , provides necessary estimates for functions g i . We use the following notations. We denote by B(r) the ball in C n of radius r centered at the origin and for a function f : B(r) → C and k ≤ p we denote
For a vector function f : B(r) → C n we denote
. . , n, and let the functions {f i } n 1 ∈ C p (B(1)) satisfy estimate |f i | 1,1 < ǫ. Then for small enough ǫ and fixed s, k ∈ Z, such that 0 ≤ s ≤ k, k + s ≤ p there exist a constant C(k) and a set of functions
is satisfied on B(1 − 2ǫ), and
with polynomial P (k).
Let now map F be as in (53). Then according to Proposition 5.1 the part of the image of the manifold M = {z : ρ l (z) = 0, l = 1, . . . , m} under F that lies in U * is the manifold
). In two lemmas below we prove necessary estimates for vector fields {P ′ l } 
in coordinates z 1 , . . . , z n with ∂r l /∂z j (0) = ∂r l /∂z j (0) = 0 for l = 1, . . . , m and j = 1, . . . , n.
Then for a small enough neighborhood U ∋ 0 there exist vector fields {P ′ l } m 1 satisfying (46) and estimates
Proof. If M is defined in U by the functions ρ l , l = 1, . . . , m as in (57) then for a small enough neighborhood U, denoting by τ the transposition operator, we will have the following representation ∂ρ ∂z ∂ρ ∂z
with the matrix A admitting estimates
Assuming then that the metric in U is the standard Hermitian metric in coordinates z, and choosing
we obtain the vector fields, satisfying (46) and estimates (58).
Lemma 5.3. Let the functions {ρ l } m 1 ∈ C p (B(1)) be chosen as in (57) and let the functions {g j } n 1 ∈ C p (B(1)) be such that |g| k < ǫ < 1 for some fixed k such that 2 ≤ k ≤ p − 2. Then for small enough ǫ and a neighborhood U ∋ 0 there exist vector fields
where P (k) is a polynomial in k.
Proof. Application of the chain rule to functions {ρ * l } m 1 gives an estimate for l = 1, . . . , m:
with a polynomial P (k) and a constant C(k) depending only on k.
Analogously, for k + s ≤ p − 2 and s ≤ k we have
Rewriting equation (61) for P ′, * we obtain
Using estimates (63) and (64) we obtain a representation
with matrix B satisfying
Using this representation in the formula for [P ′, * ] and estimates (65) we obtain
with the matrix A from (59) and matrices
Using these estimates in (66) we obtain estimates (62).
In the proposition below we describe the transformation of a form µ ∈ C k M, T ′ (G) M under a diffeomorphism F : M → G close to identity. We prove necessary estimates for the new form µ * , which measures "deviation" of the original deformed CR structure from the inherited CR structure on F (M).
Proposition 5.4. Let s, k, p ∈ Z be such that 2 ≤ s ≤ k and k + s < p and let manifold M ⊂ B(1) of the class C p be defined by functions
such that |r l | 1 < δ ≪ 1. Let T ′′ µ be an almost CR structure on M defined by the differential form µ ∈ C p (B(1)) such that |µ| k < ǫ ≪ δ and let the functions {f i } n 1 ∈ C p (B(1)) be such that |f | k+1 < ǫ ≪ δ.
Then for small enough δ and ǫ there exists a constant C(k) such that for a map
the following estimates hold
Proof. Considering DF X i for
we obtain
with β i satisfying estimates
Tangent T ′′ (M * ) -vector fields are defined as
Applying Proposition 5.1 and Lemmas 5.2 and 5.3, we obtain estimates for ν i
From the choice of functions {ρ l } m 1 and estimates (73) (70) and (72) we obtain that for ǫ small enough
with λ i satisfying estimates
Using formulas
. . .
and Lemmas 5.2 and 5.3 we obtain formula
with a matrix A satisfying estimates
Using formula (76) and estimates (75) and (77), we obtain equality
with matrices B, C satisfying
Comparing the last equality with Using in the last formula estimates (78) we obtain estimates (68).
6. Proof of Theorem 1.
Let now E 0 (M) = M 0 ⊂ G be a fixed compact, regular 3-pseudoconcave CR submanifold such that dim H 1 M 0 , T ′ (G) M 0 = 0. In order to prove Theorem 1 we have to construct for any sufficiently small deformation T ′′ µ (M 0 ), defined by a differential form µ ∈ C p (0,1) M 0 , T ′ (G) M 0 an appropriate embedding E : M → G such that T ′′ µ (M 0 ) = E * (T ′′ (G)). We construct map E in a form E = F • E 0 with F being a limit of a sequence of maps {F (j) : M 0 → G} ∞ 0 , close to identity.
We consider parameterization of the set of C l -diffeomorphisms Diff l (M 0 , G) close to identity given by the exponential map [S] , [L] :
If {U j } N 1 is a finite covering of the neighborhood of submanifold M 0 ⊂ G by coordinate neighborhoods with coordinates {z j 1 , . . . , z j n }, then for a vector field ξ ∈ C l (0,0) M 0 , T ′ (G) M 0 with |ξ| l small enough and a local representation ξ = (ξ 1 , . . . , ξ n ) in U ∈ {U j } N 1 we have [exp ξ(z)] i = z i + ξ i (z) + A i (z, ξ(z)) ,
with |A| k+2 < C|ξ| 2 k+2 , |A| k+s+2 < C|ξ| k+s+2 |ξ| k+2 ,
for 0 ≤ s ≤ k − 4 and some C > 0.
To construct sequence {F (j) } ∞ 0 we: (1) fix a family of smoothing operators ([W2] , [M] ) for 0 < t < ∞
such that for 0 ≤ q ≤ r ≤ p S t f r ≤ Ct q−r f q ,
with some C > 0, (2) consider a sequence of numbers (ii) ξ (j) = S t j • P (j) (µ (j) ),
where M j+1 = F (j) (M j ), P (j) = P M j from Theorem 2 and the construction of µ (j) * for given µ (j) and F (j) is described in Proposition 5.4. Then we define sequence F (j) as
and obtain Theorem 1 as a corollary of the following Proposition 6.1. Let k, p ∈ Z be such that 17 ≤ k, 2k ≤ p − 5 and let M 0 ⊂ G be a regular 3-pseudoconcave submanifold of the class C p . Then there exist t 0 , ǫ > 0 such that for µ (0) ∈ C . Statement (a) of Proposition 6.1 follows from the first two estimates in (83) by the following sequence of inequalities:
≤ Ct −6 j δ j 1 + |ρ (j) | k+2
≤ Ct −6 j δ j ≤ C, where we used also estimates (82) and the first estimate in (3).
Statement (b) obviously follows from the second estimate in (83). The choice of t 0 will be defined in the lemma below. The choice of ǫ = 1 2 t 6 0 guarantees the (83) for the initial step of induction.
We prove estimates (83) by induction, assuming that (83) holds for some fixed j and prove it for j + 1. In the proof of the step of induction we will need the following lemma. Proof. Transforming representation (2) into
and using estimates
, and
To prove part (iii) of the lemma we use second estimate in (68) from Proposition 5.4, estimates (81) and inductive assumptions (83), and obtain δ j+1 (s) = µ (j+1) k+s (90)
